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- Background

Physics-based simulation and surrogate modeling

s Why Physics-Based Simulation?
. B/t ERE (RS 28] WA 7|8Ho 2 Al g
- CFD (computational fluid dynamics) / FEM (finite element method) / FEA (finite element analysis)
« OHX|ZHFE AlZ 092 H|E2 O HIY

- A=Y ME, BAZA, 20| B 7 EHE DO B Al i 2R

k Data Mmmg https://devpost.com/software/finite-element-analysis
- . https://www.ansys.com/ko-kr/simulation-topics/what-is-computational-fluid-dynamics
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Background

Physics-based simulation and surrogate modeling

s Why Machine Learning?
- ML2HO|HZRHHES 2ES US+US
- 7|E AlEY0|H& UiA|SHHLE 2 Z2StH= surrogate model 2 Z2H& 7t

*  Neural operator /| €2 PDE StLt7} OfL| 2} O 2] L2 0| B Z2742| solution mapping= SF&ot= defe 2 HHet

e
N

PDE Z=7| Surrogate model Solution
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Background

Physics-based simulation and surrogate modeling

*+ Why Physics-Informed?
« T data-driven 222 |O|H 7} £55tHLI 00D ZHUA ECHIE = U=
- S| A MU AlZ20[M AnE st50| o™ Lot s Vtsde =2 = US

=
*  PINN2 PDE residual S lossOi| 2 F5t11, PGNN2 =2| 22 =3 /= 2] loss& NNO| 225= H gt A2 =2+ US

PDE Z=7| &= Surrogate model
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- Background

Physics-based simulation and surrogate modeling

*+ Whatis a Differential Equation?
« Differential Equation= A| A EO| AEH 7 OB A| H2SI=X| & H Y St= 5t 1A

o UXMEL}HetES
- ODE (ordinary differential equation): A| ZHOf| L[}-2 4

O| 83l CtE SEIS 238ot= A

_I_

er

- PDE (partial differential equation): A|Z 1t &5 7H0f| [CHE H =}
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- Background

Physics-based simulation and surrogate modeling

*+ Whatis a Differential Equation?
o KSR RIK| x(0)E IS5t 2T 7HE
- SRy XL HelE

- S a)eHo HekE

- ST AKX + = x AZF=CIS UK

y R -7 Ze S5 3y
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- Background

Physics-based simulation and surrogate modeling

* Whatis a Differential Equation?
o KSR RIK| x(0)E IS5t 2T 7HE
- HEvr)e Xl Bk
- MBSkl Mt

. R QYR+ BE x A|ZF=CHS SIK]

1 t S SIXI01M & Zto| HolT £ 9l
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- Physics-Informed Learning

Physics-Informed Neural Networks (PINNSs)
¢ PINN (forward problem): Journal of Computational Physics(2019, sites: 23,243)
« B0 u(x, t)E EotHAM At3 0|25 SOl PDES THEoIEE ot &

. Tf|O|E{ OfL 2} 22| K|FAI(PDE, 7| /A Z 7S B DIEsHE 2 5| X2}
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DCITOI M| mng [1] Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework for solving forward and inverse problems involving nonlinear partial differential equations. Journal of Computational physics, 378, 686-707.
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- Physics-Informed Learning

Physics-Informed Neural Networks (PINNSs)

¢ PINN (forward problem)

« S AKX x2EAIZEE L= OIS X He 22| S 0|Sote 2 UEYSAEY
« 5, M AMSE A= ALrotE T, /KA S B o B IS B2 E35t= A& Ee S S50k A0 =8

UONBZI[BULION

[1] Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework for solving forward and inverse problems involving nonlinear partial differential equations. Journal of Computational physics, 378, 686-707.
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- Physics-Informed Learning

Physics-Informed Neural Networks (PINNSs)

¢ PINN (forward problem)
«  =c| BA2 4 AME OFL| 2], A[ZHut S24H0]| et Z 0Lt Holot=X|(Heta) 2 #91e

)

- UM A EE2l =S 0I5, 1 205 =8| S A(PDE) O T &St AE S

)

Automatic
differentiation

& DQTQ M\ m’ng [1] Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework for solving forward and inverse problems involving nonlinear partial differential equations. Journal of Computational physics, 378, 686-707.
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- Physics-Informed Learning

Physics-Informed Neural Networks (PINNSs)

¢ PINN (forward problem)
- LZEO[0=¢H 0] =8| B2Al= EOtL 2= A
A

=1 — HA —

=
=
« 7| ZARNS SEDA BA U (E/BA ML =TS 2 Ut EF st

\
1
s e |
Initial conditions MSE; i
|
|
|
1
Boundary conditions MSE, :
|
|
|
Governing PDEs MSEf :
|
/
_ 7/
& DQTQ Mi rﬂhg [1] Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework for solving forward and inverse problems involving nonlinear partial differential equations. Journal of Computational physics, 378, 686-707.
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- Physics-Informed Learning

Physics-Informed Neural Networks (PINNSs)
¢ PINN (forward problem)
- =g W-™HAZ E IHESHX| 261H loss(PDE residual) 7} 71 X| 11, O| & E0| = £ M EZU 2 HHEM o = 2|0 E

=
+  5,PINN2 OH 2X[f A[ZHM = =2 BA5 TEots 42 OIS0t = 2A

DNN Physics information

752 ~ .
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’ I
! |
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|
| : MSE;
! :
I

|
I Total

I
: ' MSE,
! ! loss
! :
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|
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1
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/
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Optimization method > maxit
Yes
Done «
& DQTQ M\ m’ng [1] Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework for solving forward and inverse problems involving nonlinear partial differential equations. Journal of Computational physics, 378, 686-707.
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- Physics-Informed Learning

Physics-Informed Neural Networks (PINNSs)

¢ Inverse PINN (Inverse problem)
22 22 H|0|E{7} FOIR S 1, PE L£2| D|X| 22| W2t0|Ef 15 M AR et ot

« S HOIHQ 22| WEAM S A0 TSI F o500 A| 2 o 54T 22| 4= 78

Automatic
DNN differentiation Physics information
_____________________________________ ~ \
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1
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__________________________________ |
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Done <
DQTQ M| mng [1] Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework for solving forward and inverse problems involving nonlinear partial differential equations. Journal of Computational physics, 378, 686-707.
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- Physics-Informed Learning

Physics-Informed Neural Networks (PINNSs)

¢ Forward vs Inverse Problems (PINN)
*  Forward 24l = =2

« Inverse =A== 25 H|O|H y(t) 2t =2

(m,u, k) >my”" +uy'+ ky =0 - y(t)

yT :

I

I

forward :

m, p, k ) :
(mass m, damping y, stiffness k) I
I

dZy dy |
mm + /.LE + ky =0 t :
Output: y(t) :

|

I

Forward PINN '

& DQTQ M\mhg [1] Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework for
A Y Quality Analytics

solving forward and inverse

problems invol

Data y(t) + (imy”" +uy' + ky =0) -

Oi2f0|E 7t =03 E M, AL -2 SE y(0) S ALtote A
YIA S 0| 8dl O|X|2 22| Tt2t|E (m,u, k) & FFt= =Xl

(m, u, k)

,Q\ inverse

lvi

ng nonlinear

PINN
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Inverse PINN

partial differential equations. Journal of Computational physics, 378, 686-707.




- Physics-Informed Learning

Physics-Informed Neural Networks (PINNSs)

PINNZ PDE residual, IC, BCE lossZ 2 AlE

> XEZZAHO0| BN & ey AD 02 7tsetdHz 2+ U= M 28

2H =HMoME =2 A0l 22, 7 AT LA /US

> =24 S HE T E 75 Z=orAt

DQTQ M\ rﬂhg [1] Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework for solving forward and inverse problems involving nonlinear partial differential equations. Journal of Computational physics, 378, 686-707.
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- Physics-Informed Learning

Physics-Guided Neural Networks (PGNNSs)

¢ Physics-guided Neural Networks (PGNN): An Application in Lake Temperature Modeling (2021, sites: 1098)
- =0 7|BH 222 JUHH S 2 YooK 2 R H-J0| #5054, =4 H[O|E 7|2 2 &2 H|0|H 0| 2| &=

100 = 2| X| A1t H|O| B & e7H 2E-St= hybrid 2

OI-

« PGNNRE=nols A

II

High "
3 o Data (D)
> g Physics-guided
o < neural networks
5]
S 7 (PGNN) !
O
= -2
o o
3 2, fpuy Y
a =
Y ol
°© =
@ C oy A B2
a Black-box neural network Y - RS
- D: 2 HlOjE|, S Y4
Low YPHY * fpuy: physics-based model
: i = 24
. . -
Low Use of data High Ypuy: thS}CS base:d model =5
* fupp: hybrid-physics data model
& DQTQ M\mng [2] Daw, A, Karpatne, A., Watkins, W. D., Read, J. S., & Kumar, V. (2022). Physics-guided neural networks (pgnn): An application in lake temperature modeling. In Knowledge guided machine learning (pp. 353-372). Chapman and Hall/CRC.
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- Physics-Informed Learning

Physics-Guided Neural Networks (PGNNSs)

s How to incorporate physics (PGNN)

* Physics as input (Feature)

- =C| ZEO| EHO|LIF2[H 22 9|07} Ql= HaE YU feature 2 H AFES

fupp: X =[D,Ypuyl =Y

7t S| HEE QU3 feature P E S E

Sh

T

v-<
~

L]
SR
H

1[I

Ypuy * fpuy: physics-based model
* Ypyy: physics-based model &
* fupp: hybrid-physics data model

DQTQ M\ m’ng [2] Daw, A, Karpatne, A., Watkins, W. D., Read, J. S., & Kumar, V. (2022). Physics-guided neural networks (pgnn): An application in lake temperature modeling. In Knowledge guided machine learning (pp. 353-372). Chapman and Hall/CRC.
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- Physics-Informed Learning

Physics-Guided Neural Networks (PGNNSs)

s How to incorporate physics (PGNN)

* Physics asloss (constraint)
- RE0S0[ =2 BAS YOt Hiot=X| S loss 2 F 2|5t sh0f Hr At
7 T

- GIOIHEOL2t Z2| Y PH = 20| TS0t 5 2 E ot

arg mfin Loss(¥,Y) + AR(f)

6(v,z) =0,
H(Y,Z)=0

Loss. PHY(?) = ||6(7,2)||" + ReLU (3£(Y, 2))
arg mfin Loss(Y,Y) + AR(f) + AppyLoss. PHY(Y)

DQTQ M\ m’ng [2] Daw, A, Karpatne, A., Watkins, W. D., Read, J. S., & Kumar, V. (2022). Physics-guided neural networks (pgnn): An application in lake temperature modeling. In Knowledge guided machine learning (pp. 353-372). Chapman and Hall/CRC.
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- Physics-Informed Learning

Limitation of PINN and PGNN

+¢ Difficulty in handling multiple physical parameters
*  PINN2 3O pDER} 78 7| /BAIZ= 0] CHH o & &= A
- =c| IrEf0[HLE 0| P H M 22 =X = CrA| <F 5ol of =t
« PGNN2 22| 22 =3O0|Lt}physics-basedlossE 2H-&
- 02| 2| oi2t0[E-Z=710[ 4 @I H[O|E{0f| M= O Z2| 25 O E A BrF5{of St=X| 2A 7} 0=

A
<[ Dataset 1 ]» y
[ Initial conditions 1 ] PINN
|:> (Forward) |:>

Boundary .
[ conditions 1 ] Train S
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- Physics-Informed Learning

Limitation of PINN and PGNN

+¢ Difficulty in handling multiple physical parameters
* PINN2ZO{ZI PDERI 78 7| /BAIZ=Z0| CHS SHE 2= YA
- =c| OO L = A0 HH B M 22 X 2 ChA| stasloF et
« PGNN2 22| 22 =3O0|Lt}physics-basedlossE 2H-&
- Ol 2| o2t0|E-Z= 10| A 21 GO0 M= oH 2| 2 & O E A Bt Sol{OF st=X| A7+ 0=

/
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[ Initial conditions 1 ] PINN
(Forward) |:>

Boundary
conditions 1 S
t
‘[ Dataset 2 }—
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Boundary
conditions 2
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- Neural Operators

Learning parametric PDE mappings

*+ What Does Neural Operator Learn?
»  Operator= LHet 7| /8720, 22| ThEH0[E 0 THet o] #HelE ot ol o=

DeepONet/FNO= 02 A|=d{|O|M Li|O|H 22 & /= &=/ (4, up, BC) 2 5 u(x, ) AFO| 2| mapping= SH&
]

o [2tA] 7|2 HE}= data-driven surrogateO| X| 2h St& L &2 SFLEQ| 240 OfL |2

Data Mining
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- Neural Operators

Learning parametric PDE mappings

¢ Can Neural Operators Use Physics?
« 7|2 Neural operator= A|=Z2{ 0| |O| & 7|22 2 SH5SHX| 2 PDE residual O| Lt boundary condition lossZ 37 S+ H
physics-informed operator

&, Neural operator= physics-free modelO| OfL| 2}, data-driven2} physics-informed= 25+ e = /= surrogate modeling

framework
Data-driven v"Input: condition(IC/BC/parameter/forcing) = solution
(b operator learning v" Loss: prediction error
Neural operator <
\> Physics-informed v"Input: condition(IC/BC/parameter/forcing) = solution
operator learning v" Loss: prediction error + PDE residual / physics constraint
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- Neural Operators

Learning parametric PDE mappings

s DeepONet (deep operator network): nature machine intelligence, (2021, sites: 4,485)

«  DeepONet2 PDE parameter, &7 | /AA T A 242 2H| ™Y1t =t 7 HEE 22|510] &&= operator learning 2 2
»  Branch network= =X 22 B35} 1, Trunk network= ZtH S 6ff 1= M/ d5HH, &= H 2 E Ag5t0] 2| Z s E 0=

A\ 4

u(xy)

u(xy)

Branch net

u(xm) Input condition

(IC/BC/parameter field)
—(x)— GW(®)

Solution value
at queried location

) 4

<
v

v

y —  Trunknet

Coordinate query

A\ 4
(l

Data Mi rﬂhg [3] Ly, L, Jin, P., Pang, G. et al. Learning nonlinear operators via DeepONet based on the universal approximation theorem of operators. Nat Mach Intell 3, 218-229 (2021). https://doi.org/10.1038/s42256-021-00302-5
ob

Quality Analytics




- Neural Operators

Learning parametric PDE mappings

¢ DeepONet: Branch network
*  Branch network+ PDE parameter; 2= 7 | _71‘_?_4, BAZANZEZ2 A 28 EES QEHe = 22
A

-+ O|= 3ol oM X2l HHH el sl £

rulo
rEi
Ot
rr
(@)
o
(¢°)
=t
Q.
(¢°)
=
&
g
rulm 0
0=
0x

Branch network inputs

parameter: k,A, uq, Uy '
I
I
Branch |
network :
]
domain geometry:
k Data Mi ﬂ[ng [3] Lu, L, Jin, P,, Pang, G. et al. Learning nonlinear operators via DeepONet based on the universal approximation theorem of operators. Nat Mach Intell 3, 218-229 (2021). https://doi.org/10.1038/s42256-021-00302-5
A Y Quality Analytics




- Neural Operators

Learning parametric PDE mappings

¢ DeepONet: Branch network

-4

e
s
ki

*  Branch network+ PDE parameter; 227 | =74, ZA|

« O] Sofl Xl X2l WHH 2 &5l 555 B0t

(2SR Y YRS Yo ¥

o
coefficient vector= 44 A

rr

Branch network inputs

parameter: k,A,uq, s —_— [2,3,4,5]
(k, A, 11, 1)

Branch

+ network

E...HE
(] =

[11011]
BC

(Boundary indicator)
q +
2]
BC
(Dirichlet)

BC:
domain geometry:

Data Min mg [3] Lu, L., Jin, P., Pang, G. et al. Learning nonlinear operators via DeepONet based on the universal approximation theorem of operators. Nat Mach Intell 3, 218-229 (2021). https://doi.org/10.1038/s42256-021-00302-5
o
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- Neural Operators

Learning parametric PDE mappings

¢ DeepONet: Trunk network
Trunknetworke= S73 9X| (x, y,t) 2 22 coordinate querys Y2 2 HHZ

« O|E &l Z Zt & 2| K| 0| A 2] Sl E 2 (spatial basis representation) = 4 &g

Trunk network inputs

v
(1,2)[(2,2)|(3,2) | (4,2)

7 7
v Vv Trunk
1,1)[(Z1)|GEB1|41) network
& Data Mi ﬂ[ng [3] Ly, L., Jin, P, Pang, G. et al. Learning nonlinear operators via DeepONet based on the universal approximation theorem of operators. Nat Mach Intell 3, 218-229 (2021). https://doi.org/10.1038/s42256-021-00302-5
A Y Quality Analytics




- Neural Operators

Learning parametric PDE mappings

¢ DeepONet: Trunk network

« Trunknetworke 578 K| (x,y,t) 2t &= coordinate queryE U H2 = HHZ

« O|E &l Z Zt & 2| K| 0| A 2] Sl E 2 (spatial basis representation) = 4 &g

Trunk network inputs

1,4)|(2,4)|(3,4) | (4,4)

(3,3)|4,3)
pa

v
(1,2)[(2,2)|(3,2) | (4,2)

7 7

v WV Trunk
1,112,131 |41) network

15

1%

\____T___—/

[(1,2), (1,4), (3,1), (3,4), (4.1), (4,2)]

Data Mi ﬂ[ng [3] Ly, L., Jin, P, Pang, G. et al. Learning nonlinear operators via DeepONet based on the universal approximation theorem of operators. Nat Mach Intell 3, 218-229 (2021). https://doi.org/10.1038/s42256-021-00302-5
o
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- Neural Operators

Learning parametric PDE mappings

¢ DeepONet Summary: Universal Approximation of Operators
*  DeepONet= & gt /Z o/t TS W off et uS & IOt= operatorG:a —» usS ZAIE
«  Branch network= & &=/Z 712 sensor pointd| A| &0 24| 582 29

*  Trunknetworke= 2 2|2| ZH queryOl| M 11 & B/t o= U E=F St grid-free predictionO| 7&

Branch network input sampling

l
|
v Branch !
> 4 %‘#/5?_4% QO network :
:
N
Dot product layer
V- V- \
1,9((2,9(3B.4|44) |
|
Trunk network input sampling (1,3) (3,3)|(4,3) T:unkk :
£ — . pa
> 8l 0| 510} loss Al4HZ 2[2t query points 4 Hetwor :
(1,2)((2,2)|(3,2)|(4,2) |
v v
11| 1D|3E,1D|4 1)

Data Min mg [3] Lu, L., Jin, P., Pang, G. et al. Learning nonlinear operators via DeepONet based on the universal approximation theorem of operators. Nat Mach Intell 3, 218-229 (2021). https://doi.org/10.1038/s42256-021-00302-5
o
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- Surrogate Modeling

Replacing Computational Fluid Dynamics / Finite Element Method

** Why Surrogate Modeling?
* CFD,FEM FEARI €2 A|Z2E|0|d2 ™, Mz 58, =7/8A =S B8 = (ot S| g S Al
« Y= ZO|HHE [MOICt AE 20| 4 E M SFH ChA| Ao OF S22 B2 7A|4F AZH0| 2R et

*  Surrogate modeling= O| 2|2t QI E 1 AufO| 27| & =550 M2 R0 A = Z 1S HEA| Of| S5t= W

Material: Steel = =

&
Constraint '

k DOTC} Mlﬂ\hg https://www.comsol.com/multiphysics/mesh-refinement
A Y Quality Analytics




- Surrogate Modeling

Replacing Computational Fluid Dynamics / Finite Element Method

¢ Research Directions in Surrogate Modeling
*  Surrogate modeling = H= Al 20| Z1tZ F25t 0 = A o S5t= A
« O|Z 2ol OftH =AM H|O|E & H-ELX|, O{H S = 2 A LF K|, OfH R EH A E AFESX| 2/A Lefet
- O ZHO|AM HIO|HE - det A 21717 (Sequential sampling / DoE)
- OC|E G HESHA ALkt Zd Q17 (Adaptive mesh refinement)
- O H 2 AXE AFE S A Q1712 (Neural operators, MoE, Foundation models)

param 3 T ]l ———————————————————
: [ Router ] !
param 1 i i
Data sampling strategy Adaptive mesh refinement Model architecture design

(MoE)

Data Mining
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- Surrogate Modeling

Data Sampling Strategy

s Thompson Sampling in Function Spaces via Neural Operators: NeurlPS (2025)
*  CFD, FEM, climate simulationtf 2= 178 & A| =204 2 o | =li5H= | Bf= A[ZIO0] gt
«  [MEtM Zhstt 2E 20 S A0kE T, 7HY informative o 22215 (1 E4SH0] H|O| B & E-d&

L% L =1 o o
*  Thompson sampling= 4 Ml| surrogate”} 7} 3 LSO EHEHSHE 2742 MBSO explorationt exploitation= &A| Of| =22t

A //___\\\ A . .
2 SN
1 \
|, . . . \\‘ ............................................ » .
1
\ ® ® i Neural operator O
\\\ //,/ ............................... . .
@ o . ®
\\ _- -7 .
Input space Surrogate model Output space
(parameter/condition) (predicted response)
.ﬁ 8?Jz?ltf\;||/r\jr\]r:]glyhcs [4] Oliveira, R, Wang, X., Chai, K. M., & Bonilla, E. (2026). Thompson Sampling in Function Spaces via Neural Operators. Advances in Neural Information Processing Systems, 38, 32870-32905.




- Surrogate Modeling

Data Sampling Strategy

s Thompson Sampling in Function Spaces via Neural Operators
 CFD,FEM, climate simulationdf 2= 082 A|=2{|0| M2 ot H =AlSt= 4| B2 A|Zt0| 2 et
«  [MEtM Zhstt 2E 20 S A0kE T, 7HY informative o 22215 (1 E4SH0] H|O| B & E-d&

ME

o
- = o O
*  Thompson sampling= 4 Ml| surrogate”} 7} 3 LSO EHEHSHE 2742 MBSO explorationt exploitation= &A| Of| =22t

A //___\\\ A . .

S *

{ . . . \\| ............................................ » .

\ ® ® ® i Neural operator O

\\ . ......................... /,/ ............................... . .
\ . I
\\\ * . P e . . .
Input space Surrogate model Output space
(parameter/condition) (predicted response)

g ﬁ git(;;lq”r\;]/r\wr\’]r:]glyﬂcs [4] Oliveira, R, Wang, X., Chai, K. M., & Bonilla, E. (2026). Thompson Sampling in Function Spaces via Neural Operators. Advances in Neural Information Processing Systems, 38, 32870-32905.




- Surrogate Modeling

Data Sampling Strategy

s Thompson Sampling in Function Spaces via Neural Operators

« 7| Gaussian process 7| 2f Thompson sampling
- 25 H|0|H E 0| 851 7153t 2t==2| posterior distribution= 257

- Posterior®f| Al StLtO| e-S ME Eot, A ete7t 7HE 2 S 7= 28 U S U H

[ E |

]
: o =
! : Mz Hlojg %7}
: Posterior distribution p(f|D) €GO E
! — GPestimate GPuncertainty & & Data
g PosteriorOf| Al &= ME
- !
S _JF_l A& EFAH
g 1O O 1
& /
Parameter ! . 7 | Z= HFAI
- O 1
(Gaussian process)
k DQTQ M| ﬂ[ng [4] Oliveira, R, Wang, X., Chai, K. M., & Bonilla, E. (2026). Thompson Sampling in Function Spaces via Neural Operators. Advances in Neural Information Processing Systems, 38, 32870-32905.
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- Surrogate Modeling

Data Sampling Strategy

s Thompson Sampling in Function Spaces via Neural Operators

Neural Operator Thompson Sampling(NOTS)

Gaussian process2| posterior distribution= 2% | AtSH= CH A
. Sk

,neural operators T & X 7|35 F| XY K| 2| G|O|E 2 CHA| &h&
S+5 E neural operator SH-HE posterior sample2| ZALE -850 S

-

' operator2| argmax Z= 15 7|12 2 A 22 simulation T

MZ2 Hlo[H F=7t
MZ2 HIolH =7t

¥
v

Neural operator T & Z& 7|3}

Posterior distribution p(f|D) ¥ HI0|E

v
I R BI0|E12 CHA| 3t
PosteriorOf| A| &= MEE Y

3
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Zl B E 3 posterior sample X H ALE
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(Gaussian process) (NOTS)

& DCITC} M Iall hg [4] Oliveira, R., Wang, X., Chai, K. M., & Bonilla, E. (2026). Thompson Sampling in Function Spaces via Neural Operators. Advances in Neural Information Processing Systems, 38, 32870-32905.
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- Surrogate Modeling

Adaptive Discretization

¢ Learning Mesh-Based Simulation with Graph Networks: ICLR(2021, sites: 1706)
* CFD/FEMO|N = TX| S5 ddlief =2 A L5HE A4 B[ E 0| S45| S7t

M2k Heprt 2 0L =E[H 2 2 SR o B0 meshS H Z==Z0H| HiX|

«  Adaptive mesh refinement(AMR)= & 2 ot A4t O MO A O =2 H=t =2 27| ot ME

world space x regular mesh

DC]TC] M| n |n8 [5] Pfaff, T., Fortunato, M., Sanchez-Gonzalez, A., & Battaglia, P. Learning Mesh-Based Simulation with Graph Networks. In International Conference on Learning Representations.
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- Surrogate Modeling

Adaptive Discretization

¢ Learning Mesh-Based Simulation with Graph Networks

« Mesh2|node®tedgeE 12| =2 E3HSI 1, Ztnodel| K- H - =E|22 Y H O = AFE S0 latent representation 2 = 2t
«  ProcessorOf| Al message passing= 2t5 =510 O17 node 712 22| M &2 X-E S A LSt D A| AR St HEE St
«  Decoder?| Zf node2| acceleration EE = state update S 0f| 55+, O| 2 & &5}0] L} time step2| mesh state S 4 dg!

Learned one-step simulator MR
=S1op ¥ rollout
t t+1 B
q; qi+ by
:@ate A o L >
A pl
\ ':/:.".'.“;t+1 Mt-HZ i
; I (. Cloth mesh nodes 174
Encoder Processor Decoder Obstacle mesh nodes
G /T%T /‘I% —— Mesh-space edges EM
' AT Ak ‘I - Arsa> ——  World-space edges E"
) >T\ Sl IR RV 220 > \\% 4 M
\\7‘\>T/k‘ , g.l(/k‘ k\ﬁ\ == Mesh-space messages e/ij
ﬁ}?\ | ‘\ 7 W\ ~=  World-space messages e'w
S || R | | B
(s gﬁai?ﬁgex L C == Decoded accelerations P

&N

Data Mining
Quality Analytics

[5] Pfaff, T., Fortunato, M., Sanchez-Gonzalez, A., & Battaglia, P. Learning Mesh-Based Simulation with Graph Networks. In International Conference on Learning Representations.
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Adaptive Discretization
¢ Learning Mesh-Based Simulation with Graph Networks

*  Ground truth= 1178 2 CFD A|=2{|0|E{ 7+ A| thot O] H, Of| = 21+ H| 1S} |

o NtE 2 jrregular trlangular mesh= &8 X2[g = U0 wake region1t Z

g2 St R 1S 2Ot Eo ol =52
« 2Rt RS HE2 R0 AME HES 5 A0, M2 CHE S| =0 tisl] ?+ot Sitet 55 2

(a) Ground truth Predlctlon (ours) UNet (b)

k Data Mi ﬂ[ng [5] Pfaff, T., Fortunato, M., Sanchez-Gonzalez, A., & Battaglia, P. Learning Mesh-Based Simulation with Graph Networks. In International Conference on Learning Representations.
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Model Architecture Design

¢ Towards Generalizable PDE Dynamics Forecasting Via Physics-Guided Invariant Learning: ICLR (2026, sites: 2)
»  PDE surrogate modeling¥f| M= & 2| Ti2t0[ & Z=et0f 2t M = CHE 5 st 2H50[ @l
« Stg S 2X] 2t MZ2 parameter Z=8(00D)0f| A 4 &l C|O|E{Of| Chich 0| = A7 A S7hed 5= =

a

Env1
Parameter 3
— : // Parameter 2
Env 1 Env 4 Env N ALZ A
[V /{
{: - -*. E .é‘.:_'_. ._{'.: i‘/i
et I 4 211 15
- . HEa -
i i i : X 18E
o R o : ID id : : ! 1
o [ T T T T o = - 14 = AN
1o T T T I : 00D F i |“{.....§,Z_
1 111 L | (| u xR - TR TR TR e n e e
I I | 11 | | | I I i .:.{.:...1".'-:- Jugd -:..E.:V-’-.//
. | | L1 1 ] 1 1 1 1 - b i < el "'_':‘: ::"t"
- - noltnnnny JLLLEEE YT
Parameter
Parameter 1
. v
= gf‘ffeél-'sﬂtloéeim Diffusion-reaction
i .
(= ) (22| m+2to|Ef 37H)
DQTQ M\ rﬂhg [6] Li, S., Chen, Y., Guo, Y., Huang, M,, & Xiong, H. (2025). Towards Generalizable PDE Dynamics Forecasting via Physics-Guided Invariant Learning. arXiv preprint arXiv:2509.24332.
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Model Architecture Design

¢ Towards Generalizable PDE Dynamics Forecasting Via Physics-Guided Invariant Learning
«  MoE(mixture-of-experts)= 0] 2] expertmodel= 11, 2 & 10| L} &t 20| L2} Y& expertE MEHSIALE 7HS A2SHH 0=
« YU O = expert= A2 CHE H|O|E| &2, task, modalityOf| S22tz == H |
- O|Y ==0|Al= 5L PDE stageE M2 LHE S22 A O 2 HEISI expertOi| &4 =
- Stateview:u

- Gradientview: Vu

- Diffusion / Curvature view: V2u

MoE structure

& DQTQ M\ rﬂhg [6] Li, S., Chen, Y., Guo, Y., Huang, M,, & Xiong, H. (2025). Towards Generalizable PDE Dynamics Forecasting via Physics-Guided Invariant Learning. arXiv preprint arXiv:2509.24332.
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Model Architecture Design

¢ Towards Generalizable PDE Dynamics Forecasting Via Physics-Guided Invariant Learning
- 2t =2|o2tolE =22 A £ CHE environment(domain) 2 £ 7t
e Domain generalization= 2= environment0| A 5-&& 2 £ F X| £| = invariant pattern= 25 0kH= A

o V-REx= environments loss2| £ X| A 3151 E domainOf| 1A SHE | = ZdS g X| et

o
oot

=HE

. 71%1
e;: Input ut WLt Operator (p%, £} Forecast:u,_ , RE
Expert O pred Operator Expert 0; (-
Pert0l \ I . P pert i (")
l RO Derivative Selection Off-the-Shelf
: b . u;_ . , . Neural Operators
Operator \ Fusion predaﬁinv t=Wilt 1My Oxnly
i Network h . [FNOJ[DeepONetJ
. 2
recast: u, freq o ® —_ [Transformer—based]
(ot} \g (Neural Field-based)
eural Field-base
e

(a) Overview of IMOOE framework. (b) Individual operator experts.

k DQTQ M| rﬂhg [6] Li, S., Chen, Y., Guo, Y., Huang, M,, & Xiong, H. (2025). Towards Generalizable PDE Dynamics Forecasting via Physics-Guided Invariant Learning. arXiv preprint arXiv:2509.24332.
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Model Architecture Design

¢ Towards Generalizable PDE Dynamics Forecasting Via Physics-Guided Invariant Learning

- Zt =2 o2folH &2 M 2 CHE environment(domain) 2 £ &
*  Domain generalization= 2= environment0| Al S & 2 £ FX|&| = invariant pattern= &t 5ot= A2 SHE
*  V-REx& environment'® loss2| 42 Z[2A 215 £7 domain0f| & et E| = A2 EHX| g
Operator compatibility study on DR data with various OOD contexts 00D forecasting results on irregular spatial domains
Operators  Variants Envl Env2 Env3 Env4 Env5 Operators Variants nMSE RMSE
Naive 6.78¢-2  880e2  6.70e-2  6.00e-2  3.14e-2 VCNGE Naive 5.45 x 1072 222x 107"
. -2 -1
FNO +MOOE  3.40e2  6.00e-2  3.88e-2 3282  1.88e-2 +IMOOE 5.08 x 10 1.98 10
. -2 -1
+#IMOOE  3.19e-2  520e-2  3.12e-2  3.05e-2  1l4le-2 Geo-FNO ?\Ia“’e 51510 | 21610 ,
Operators  Variants Envé Env7 Env8 Mean Std +IMOOE 4.35x10 1.88 x10
. Naive 495 x 1072 2.04 x 1071
Naive 6.77e-2 7.47e-2 5.31e-2 5.75e-2 1.01e-2 OFormer - L »
FNO +MOOE  478e-2  6.60e2  503e2  496e-2  7.12e-3 +IMOOE 4.14x10 1.79x10

+IMOOE 3.47e-2 3.65e-2 5.09e-2 4.34e-2 6.18e-3

DQTQ M\ rﬂhg [6] Li, S., Chen, Y., Guo, Y., Huang, M,, & Xiong, H. (2025). Towards Generalizable PDE Dynamics Forecasting via Physics-Guided Invariant Learning. arXiv preprint arXiv:2509.24332.
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Surrogate Modeling

Model Architecture Design

+» DPOT: Auto-Regressive Denoising Operator Transformer for Large-Scale PDE Pre-Training: ICML (2024, sites:132)
. CtoHPDE H|O|HE S50 StLES| PDE foundation model= L2 2 AFM ah5 et

o AHSSEl 232 fine-tuning= &Sl long trajectory, 3D data, high resolution, irregular mesh & CFFeF downstream PDE &4 M- &

Multiple PDE datsets :
r PDE Foundation Model

Fine-tuning | Downstream tasks
Shallow-Water, Burgers etc. T

-

10+ PDE datasets, 100K+ trajectories . ) . -

- LD G
w Bl -

Long trajectory 3D data High resolution Irregular mesh

Navier-Stokes, Diffusion-Reaction,

& DQTQ M\ rﬂhg [7] Hao, Z., Su, C,, Liu, S., Berner, ], Ying, C,, Su, H,, ... & Zhu, ]. (2024). Dpot: Auto-regressive denoising operator transformer for large-scale pde pre-training. arXiv preprint arXiv:2403.03542.
A Y Quality Analytics 44




- Surrogate Modeling

Model Architecture Design

+» DPOT: Auto-Regressive Denoising Operator Transformer for Large-Scale PDE Pre-Training
* Noise Injection and Denoising Training
A% A E X, Ol Gaussian noiseZ 375}0] corrupted input= 84 0| %, 222 noisyinput 2 2R H CHE A& X, = 0I5

. IS QA M2 SHEBI01 B 7| rollouto] QA S SHAIS
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Sampling Noise

Padding Injection

X, X Z{Q%

Pre-trained _/XBXAN |
PDE Model
pTo
—

A "l

DQTQ M| rﬂhg [7] Hao, Z., Su, C,, Liu, S., Berner, ], Ying, C,, Su, H,, ... & Zhu, ]. (2024). Dpot: Auto-regressive denoising operator transformer for large-scale pde pre-training. arXiv preprint arXiv:2403.03542.
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Model Architecture Design

+» DPOT: Auto-Regressive Denoising Operator Transformer for Large-Scale PDE Pre-Training
» Temporal Aggregation Layer

- 2= sequence2| Z time step= patch embedding2 = #Hetat

- StE 7SS weightS O 83 A2 HEE S8 > H Qe A[HH H 2 7HE Al
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[Temporal Aggregation Layer
Pre-trained /XA | J
PDE Model
. J

DQTQ M\ rﬂhg [7] Hao, Z., Su, C,, Liu, S., Berner, ], Ying, C,, Su, H,, ... & Zhu, ]. (2024). Dpot: Auto-regressive denoising operator transformer for large-scale pde pre-training. arXiv preprint arXiv:2403.03542.
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Model Architecture Design

+» DPOT: Auto-Regressive Denoising Operator Transformer for Large-Scale PDE Pre-Training

* Fourier Mixer / Fourier Attention

- Tt H2kE SOl spatial field = frequency domain2 2 H2H5E, 2 frequency band M| CifSH learnable weighting multi-scale spatial pattern SH&

-

- Inverse Fourier transform 2t output projection= &0l X 2| &l FI} g 2 5 ChA| S HH 2 2 #2I5H0| CHS PDE state S ‘-t
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[ Fourier Mixer ] < Frequency Feature MLP
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Data Mi rﬂhg [7] Hao, Z., Su, C,, Liu, S., Berner, J,, Ying, C,, Su, H,, ... & Zhu, ]. (2024). Dpot: Auto-regressive denoising operator transformer for large-scale pde pre-training. arXiv preprint arXiv:2403.03542.
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- Conclusion
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Physics-based simulation2 =2 &2t E & X SSHX| B = A Ao = QISH A|4FH| 0| 0% F
x

O| & CHA|SH?| ?I5H simulation 21 = H| 2 AFSH= surrogate model 7H 2 0| S & et

== data-driven surrogate model= =2 | 21 & 2 &&9| gt
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PGNN2 22| 221 {|O|E{E ECt 8
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Neural operator= CFEeH ZZ40f| T2 solution mapping= 2f&5H0] surrogate model= 755 &f
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